Abstract-In this paper, we provide a practical downlink transmission approach for single-cell full-dimension multiple-inputmultiple-output (FD-MIMO) systems with large-scale uniform planar antenna array at the base station (BS). Under the assumption of only statistical channel state information (CSI) at the BS, we derive the optimal beamforming vector of each user by maximizing a lower bound on the average signal-to-leakage-plus-noise ratio. Some main guidelines for user scheduling are also derived under this criterion. Based on these results, a low-complexity 3-D beamforming space-division multiple-access (SDMA) transmission algorithm exploiting only the statistical CSI of each user is proposed. Furthermore, the ergodic sum rate of the proposed algorithm is analyzed, and a closed-form expression, as well as a low signal-to-noise ratio (SNR) approximation and a high-SNR approximation, are derived. Simulation results show that the proposed algorithm performs well in terms of achievable sum rate, and the analytical results on its achievable sum rate are validated.
Three-Dimensional Beamforming for Large-Scale FD-MIMO Systems Exploiting Statistical Channel State Information systems with very large antenna arrays at each base station (BS), which are referred to as massive MIMO systems, have been proposed [4] . In such systems, each BS is equipped with dozens or hundreds of antennas and simultaneously serves tens of users. It was shown in [4] that with a very large antenna array, the effect of small-scale fading is eliminated. Furthermore, in the limit of an infinite number of antennas, uncorrelated noise and intracell interference disappear with simple matched-filter (MF) precoding at the BS. Another important advantage of massive MIMO systems is that they enable the users to reduce their transmit power on the uplink [5] . With the potential large gains in spectral and energy efficiency, massive MIMO has become a promising technology for future wireless communication systems [6] , [7] . There remains several challenges to build massive MIMO systems in practice. One of the main challenges is the acquisition of instantaneous channel state information (CSI) at the BS [8] . In time-division duplexing (TDD) systems, channel reciprocity was exploited, and the instantaneous CSI at the BS can be obtained via uplink training [4] , [8] . In both homogeneous and heterogeneous networks, with nonorthogonal pilots in different cells, channel estimation in a given cell will be impaired by the pilots transmitted in other cells, which is referred to as pilot contamination [9] , [10] . It was shown in [4] that the performance of large-scale antenna systems is limited by this pilot contamination effect in the limit of a large number of antennas. In frequency-division duplex (FDD) systems, where the BS gets access to the CSI through a feedback channel. With a large number of antennas at the BS, instantaneous CSI feedback places a significant burden on the feedback link. This makes it difficult for the BS to get accurate CSI, particularly when the users are highly mobile. An alternative approach is to exploit the second-order statistics of the channel. Compared with the instantaneous CSI, the statistical CSI varies much slowly [11] , [12] . For FDD systems, it can be obtained by the BS through long-term feedback, which reduces the amount of feedback.
Another main challenge to build large-scale antenna systems in practice, as illustrated in [13] , is that the number of antennas at the BS is often limited by the physical tower space and the operating carrier frequencies. For a uniform linear array (ULA), a horizontal space of about 1.9 m is required to fit 32 antenna elements with 0.5 λ between adjacent elements for a Long-Term Evolution carrier frequency of 2.5 GHz. This limitation has motivated full-dimension MIMO (FD-MIMO) [13] [14] [15] . For FD-MIMO, a large number of active antenna 0018-9545 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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elements are placed in a 2-D grid at the BS. Compared with conventional 1-D antenna arrays, by exploiting the vertical dimension, users in the same horizontal direction relative to the BS but with a different vertical direction or different height can be served simultaneously. Based on this concept, a 3-D beamforming plus joint spatial-division multiplexing transmission algorithm, exploiting both statistical and instantaneous CSI, was proposed in [11] . Under the assumption that each BS has perfect statistical CSI and delayed instantaneous CSI, Seifi et al. [16] proposed a 3-D coordinated beamforming transmission technique to manage the intercell interference in both the horizontal and vertical planes of the wireless channel for multicell systems in which each BS serves only one user per time-frequency resource block in its own cell. In this algorithm, intercell interference cancelation is applied in the horizontal plane, and intercell interference control via coordinatively adapting the elevation angle of the BS antenna pattern, which is denoted as tilt, is applied in the vertical plane.
With instantaneous CSI at the BS, a precoding algorithm based on signal-to-leakage-plus-noise ratio (SLNR) and a scheduling algorithm striking desirable tradeoffs between complexity and throughput for single-cell FD-MIMO downlink systems were proposed in [17] .
In this paper, we investigate downlink transmission for FD-MIMO systems. We assume a single-cell scenario with a large-scale uniform planar antenna array (UPA) at the BS. Different from [11] , [16] , and [17] , we assume that each user has access to its own perfect effective CSI, whereas the BS has only the statistical CSI of each user, which is applicable for FDD systems. We first investigate the structure of the channel matrix and its horizontal and vertical correlation matrices. In [11] , it was proved that the correlation matrices of ULAs can be asymptotic diagonalized by the discrete Fourier transform (DFT) matrix, which was also observed earlier in [18] through the virtual channel representation. Utilizing this property, we derive the optimal beamforming vector for each user, as well as the main guidelines for user scheduling, under the metric of maximizing a lower bound of the average SLNR. It is obtained that the BS should choose the users that are orthogonal in their strongest horizontal statistical eigenmodes or vertical statistical eigenmodes to serve simultaneously. We also obtained that the BS should choose the users whose channel power is mostly concentrated on their strongest horizontal and vertical statistical eigenmodes. Based on these results, we propose a new lowcomplexity 3-D beamforming space-division multiple access (SDMA) transmission algorithm for FD-MIMO systems, which is a sensible way to realize the gains of massive MIMO. The proposed transmission algorithm makes use of only the slowlyvarying statistical CSI, which can be tracked at the BS with low protocol overhead. Moreover, we derive the ergodic sum rate of the proposed 3-D beamforming SDMA transmission algorithm as well as its low-SNR and high-SNR approximations.
The rest of this paper is organized as follows. Sections II and III describe the channel model and the signal model. In Section IV, we derive the optimal beamforming vector for each user and the guidelines for user scheduling in maximizing a lower bound of the average SLNR. Then, a 3-D beamforming SDMA transmission algorithm is proposed, and its ergodic sum rate is analyzed. Simulation results are presented in Section VI, and we conclude this paper in Section VII.
We adopt the following notation: Vectors are represented as columns and are denoted in lowercase boldfaced characters, and matrices are represented in uppercase boldfaced characters. The superscripts (·)
T , (·) c , and (·) H indicate the matrix transpose, conjugate, and conjugate-transpose operation, respectively. The complex number field is represented by C, and E[·] evaluates the expectation of the input parameter.
II. CHANNEL MODEL
Consider a single-cell FD-MIMO multiuser downlink transmission system with K single-antenna user terminals. Similar to [11] , we assume that the BS is deployed with an M × N UPA, which has N antennas in each row (each row is a ULA) and a total number of M rows in the vertical dimension. The distances between two adjacent antenna elements in a row and a column are both λ/2, where λ is the carrier wavelength. We assume a frequency flat channel and perfect synchronization. The channel vector between the M N antennas of the BS and user k, denoted as h
, can be written as
where β k represents the large-scale fading coefficient of user k, and g k represents the small-scale fading coefficient vector. According to [11] , g k can be written as
where
The (i, j)th element of H k is the small-scale fading coefficient between the antenna element on the ith row and the jth column of BS antenna array and user k. R V,k ∈ C M×M and R H,k ∈ C N ×N are the vertical and horizontal channel correlation matrices of user k with the eigendecomposition, i.e.,
where U V,k and U H,k are unitary matrices, Λ V,k = diag{λ
is an M × N random matrix with zero-mean and unitvariance independent and identically distributed (i.i.d.) complex Gaussian elements, H w,k 1 and H w,k 2 are independent when k 1 = k 2 , and the (i, j)th element of H w,k is denoted as h
We assume that the antenna array at the BS is of large dimension, i.e., M 1, N 1. According to [11] , for the ULA of large dimension, the eigenvectors of its correlation matrix can be approximated by a unitary DFT matrix. A similar result has also been presented in [18] through what was called virtual channel representation and has been widely used [19] [20] [21] . Since each row and each column of the antenna array at the BS is a ULA, therefore, when M → ∞ and N → ∞, R V,k and R H,k can be approximated as
, and (5) into (1) and after some manipulations, for a largedimension UPA, the channel vector of user k can be written as
and h w,k = vec(H w,k ). Note that F N and F c M are both unitary matrices, then F is also a unitary matrix. Therefore, the distribution of h T w,k F is the same as h T w,k , and the channel matrix of user k can be further written as
III. SIGNAL MODEL
For the considered single-cell multiuser downlink transmission system, the signal received by user k can be written as
where x i is the data symbol intended for user i with
MN×1 is the unit-norm beamforming vector of user i, and n k ∼ CN (0, σ 2 k ) is the normalized complex additive white Gaussian noise, P i is the transmit power for user i with total power constraint
In this paper, we assume equal power allocation among the scheduled users, i.e.,
Then, the signal-to-interference-plus-noise ratio (SINR) of user k is
and the achievable ergodic rate of user k can be found as
Consequently, the ergodic sum rate of the system is
In this paper, we assume that each user terminal has perfect effective CSI of its own, and the BS has only the statistical CSI of each user, i.e., R V,k , R H,k .
IV. THREE-DIMENSIONAL BEAMFORMING SPACE-DIVISION MULTIPLE-ACCESS TRANSMISSION
Here, we derive a lower bound on the average SLNR by utilizing the concept of leakage power. The SLNR of user k is defined in [22] as
where the term
leaked from user k's beamforming direction to other users' channel direction. We then obtain the optimal beamforming vector and the guidelines of user scheduling by maximizing this lower bound. With these results, we propose a novel 3-D beamforming SDMA transmission scheme that utilizes only the statistical CSI for FD-MIMO downlink multiuser systems with large-scale UPA at the BS.
A. Optimal Beamforming Vector
Under the assumption of statistical CSI at the transmitter, it is difficult to get simple analytical optimization results directly maximizing (13) with respect to b k , due to the lack of analytical expression of the ergodic sum rate (13) . Here, we use the average SLNR metric. In the following, we first derive a lower bound of the average SLNR E[SLNR k ] and then derive the beamforming vector b k that maximizes this lower bound.
The average SLNR E[SLNR k ] with SLNR k defined in (14) can be lower bounded as
where inequality (a) in (15) (15) and after some manipulation, we get the following lower bound:
Theorem 1: Assume that the transmitter has only statistical CSI of each user, and the largest eigenvalue that is also the largest diagonal element of ( (9)- (11)], Theorem 1 can be obtained.
B. User Scheduling Guideline
From Theorem 1, we can get some guidelines for user scheduling. Notice that
where λ 
The given upper bound provides a guideline for user scheduling when the transmitter has only statistical CSI of each user. However, l k = p i and j k = q i for i = k is too restricted. From [11, Corollary 1] , the eigenvalues Λ = diag{λ (1) , λ (2) , . . .} of a large-scale ULA usually have the following characteristic:
Therefore, we consider a case that Λ H,k and Λ V,k have the following form: In this case, the upper bound of L
Therefore, we get the following guideline for user scheduling.
Guideline 1: The BS should schedule the user whose strongest horizontal or vertical statistical eigenmode is orthogonal to the other users' corresponding nonzero statistical eigenmode. Note that the strongest statistical eigenmodes of the scheduled user do not need to be orthogonal with the other users' corresponding nonzero statistical eigenmodes in both the horizontal and vertical directions.
Furthermore, it can be seen from (18) thatL k increases as λ max H,k and λ max V,k increase. Therefore, we find the second guideline for user scheduling.
Guideline 2: Choose the users whose strongest horizontal and vertical statistical eigenmode captures most of its channel power, i.e., users with largest λ
With Guideline 2, we assume that the users being scheduled for transmission satisfy λ
With this assumption, we can relax Guideline 1 to the following Guideline 3.
Guideline 3: Choose the users that have orthogonal strongest horizontal or vertical statistical eigenmode, i.e.,
Note that there is a series of recent papers that have presented results for massive MIMO measurements [24] , [25] . These measurement results showed that channels from different users become orthogonal as the number of antennas grows large, and the correlation between different users tends asymptotically to zero. From these results, it can be seen that we could almost surely find the users that have orthogonal strongest horizontal or vertical statistical eigenmodes.
C. 3-D Beamforming Transmission
Based on the previous derivation, we propose the following 3-D beamforming transmission algorithm.
1) Divide the N horizontal eigenmode of each user into
N blocks, and divide the M vertical eigenmode of each user into M blocks (see Fig. 1 ). Here, N and M are positive even integers. Note that the numbers of eigenmodes in different blocks do not need to be equal. It can be adjusted according to the practical situation. 2) Divide the users into M N clusters, so that the strongest horizontal statistical eigenmodes of the users in cluster (m, n) fall into the nth horizontal block, and the strongest vertical statistical eigenmodes of the users in cluster (m, n) fall into the mth vertical block. 3) Select one user in each cluster, so that the user is that whose strongest horizontal and vertical statistical eigenmode captures most of its channel power, i.e., that with the largest λ max H,k λ max V,k , in its cluster. 4) Divide the M N selected users into two groups, as shown in Fig. 2 , so that the users in clusters (1, 1), (1, 3) , . . . ,
. . , (M , N) are assigned to group 1 (group in red), the other users are assigned to group 2 (group in blue). 5) Statistical beamforming SDMA transmission: For user k in group 1, the beamforming vector is
Then, perform the beamforming transmission for all the scheduled users in group 1. 6) Repeat step 5) for the scheduled users in group 2.
Remark 1: In this algorithm, parameters M and N can be arbitrarily chosen. They could be set to relatively large numbers when the angle spreads of most users are relatively small or the number of users that can be served simultaneously is relatively large. Otherwise, they could be set to relatively small numbers.
Remark 2:
The aim of the grouping in step 4) is to further separate the scheduled users in space to reduce the interuser interference. Note that the number of groups could be changed to any positive integer, i.e., in step 4), the selected users could be divided into m = 3, 4, . . . groups other than two groups. The larger the number of groups, the lower the level of interuser interference. The number of users per group, however, decreases as the number of groups increases, which leads to the decrease in sum rate. Therefore, we choose to divide the selected users into two groups to reduce the interuser interference while maintaining many users per group.
Remark 3: Note that to make the proposed algorithm more fair for all users, step 3) can be changed to select one user in each group in a round-robin or some other manner.
It can be seen that in our proposed transmission algorithm, the BS only needs to know the indexes of each user's strongest horizontal and vertical statistical eigenmodes, i.e., l k and j k , and the power captured by these eigenmodes, i.e., λ
The required information at the BS is tremendously reduced compared with MF and zero-forcing (ZF) transmission algorithms, which requires instantaneous CSI at the BS and is suitable for FDD systems. Moreover, the scheduling method and the calculation of the beamforming vectors in the proposed transmission algorithm are both simple.
V. ACHIEVABLE SUM RATE
Based on the 3-D beamforming SDMA transmission scheme proposed in Section IV-C, we derive a new exact closed-form expression for the achievable ergodic sum rate in this section. We also deduce reasonable low-SNR and high-SNR approximations on the achievable ergodic sum rate.
A. Exact Expression on the Achievable Sum Rate
Assume that the number of scheduled users in group 1 and group 2 is K 1 and K 2 , respectively. Denote the scheduled users in group 1 as user 1, 2, . . . , K 1 and the scheduled users in group 2 as user
In this case, noting that communication with the scheduled K 1 + K 2 users is completed in two time slots, we can calculate the ergodic rate of user k in group 1 as
and the ergodic rate of user k in group 2 as
We now focus on computing a closed-form expression for the achievable ergodic sum rate. The following theorem calculates the ergodic sum rate of the proposed transmission scheme.
Theorem 2:
The ergodic sum rate of the proposed statistical 3-D beamforming SDMA transmission scheme can be written as (29) , shown at the bottom of the page, where
Proof: See Appendix A. From (29) , the ergodic sum rate of the proposed transmission scheme R sum increases as λ
increases. Therefore, the user scheduling Guideline 2 in Section IV-B derived by maximizing the lower bound of the average SLNR is also applicable in maximizing the ergodic sum rate. Moreover, from (52)-(54) in Appendix A, the ergodic rate of user k = 1 in group 1 can be expressed as (30) , shown at the bottom of the page. Noting that λ
with the equality holds when λ
V,k = 0 for i = k. Therefore, we can obtain that user scheduling Guideline 1 in Section IV-B is also applicable in achieving a high ergodic sum rate.
B. Low-SNR Analysis
Here, we study the ergodic sum rate of the proposed statistical 3-D beamforming SDMA transmission algorithm in the low-SNR regime. In this case, (P/σ 2 k ) → 0. Applying the Maclaurin expansion of the function f (γ) = log 2 (1 + γa) for nonnegative a, given by
the ergodic rate of the scheduled user k in group 1 can be expressed at a low SNR as follows:
From (6), it can be obtained that
Substituting (34) into (33), we can get that
From (35), it can be obtained that R k reaches its maximum when
Therefore, the proposed transmission algorithm is optimal at low SNRs in maximizing the ergodic sum rate.
In the following analysis, we assume that σ
, and define the SNR as ρ = P/N 0 . Then, the ergodic rate of user k in group 1 and group 2 given by (27) and (28) can be written as
Therefore, the ergodic sum rate is
As discussed in [26] , at a low SNR, the ergodic sum rate should be analyzed in terms of the normalized transmit energy per information bit, i.e., E b /N 0 , rather than per-symbol SNR. In this paper, the normalized transmit energy per information bit is given by
The key performance measures in the low-SNR regime are the minimum E b /N 0 (the minimum energy per information bit required to convey any positive rate reliably), E b /N 0min , and the wideband slope, i.e., S 0 . Through them, the ergodic sum rate can be well approximated by
Theorem 3: For our proposed statistical 3-D beamforming SDMA transmission algorithm where the BS only knows the statistical CSI of each user, and perfect CSI is known at each user, the minimum E b /N 0 conveying any positive rate reliably, which is denoted by E b /N 0min , and the wideband slope, i.e., S 0 , are given by (41) and (42), shown at the bottom of the page.
Proof: See Appendix B. From (41), we can see that increasing λ
, it can be seen that S 0 increases when the scheduled users are statistically orthogonal to each other in horizontal or vertical directions, i.e., λ
V,k = 0 for i = k. Therefore, we can get from the first-order approximation of the ergodic sum rate in the low-SNR regime (40) that the ergodic sum rate of the proposed transmission algorithm increases when the scheduled users are statistically orthogonal to each other in horizontal or vertical directions. This is consistent with our user scheduling Guideline 1 in Section IV-B.
C. High-SNR Analysis
Here, we study the ergodic sum rate of the proposed statistical 3-D beamforming SDMA transmission scheme in the high-SNR regime. In this case, (P/σ 2 k ) → ∞. Here, we still assume that for the scheduled users λ
Theorem 4: For our proposed statistical 3-D beamforming SDMA transmission algorithm where the BS only knows the statistical CSI of each user and perfect CSI is known at each user, the ergodic sum rate in the high-SNR region can be approximated as
Proof: Substituting (51) in Appendix A into (27) , we can obtain that the ergodic rate of user k in group 1 can be expressed as (44), shown at the bottom of the next page. When (P/σ
Note that E[log 2 (1 + a)] ≤ log 2 (1 + E[a]) for a > 0; therefore, R k in (45) can be upper bounded as
From the scheduling process in Section IV-C, we can get that
w,k . Then, based on the Mullens inequality [23] , i.e.,
if X and Y are independent random variables, we can get the following inequality:
Substituting (47) into (46), we can obtain that
Using the similar method, we can get that
Substituting (48) and (49) 
R k , (43) can be obtained.
The aforementioned result demonstrates that the ergodic sum rate is bounded when SNR goes to infinity. This means that, at high SNRs, we cannot improve the system performance by simply increasing the transmitted power of the BS, since both the desired signal power and interference power of each user increase. From (43), it can be seen that the ergodic sum rate of the system at high SNR can be increased through the increase in λ
V,k means that the system needs to schedule the users whose strongest horizontal and vertical statistical eigenmode captures most of its channel power, i.e., the users with largest λ max H,k λ max V,k . This is consistent with our user scheduling Guideline 2 in Section IV-B. The decrease in λ for i = k are small. It can be seen that these two methods are consistent with the scheduling guidelines we derived in Section IV-B. From (43), it is also interesting to observe that the saturation sum rate at high SNR is independent of the largescale fading of the users. This is because, in the high-SNR scenario, the system is interference limited. The ergodic sum rate is determined by the signal-to-interference ratio (SIR), which is independent of the large-scale fading of the users.
VI. NUMERICAL RESULTS
Here, we present numerical results to validate and investigate our proposed low-complexity 3-D beamforming SDMA transmission algorithm for large-scale FD-MIMO downlink transmission systems. For all results, we assume that M = 16, N = 32, the total number of users to be scheduled is 100, the noise level of these users is the same, i.e., σ 2 k = σ 2 , the SNR is defined as P/σ 2 , and the channel between the BS and each user is described as in (1), the horizontal and vertical correlation matrices of these users are generated according to [11, eq. (3) ] (also see [27] ), the horizontal angle of the users relative to the BS is distributed uniformly in (−60
• , 60 • ), the vertical angle of the users relative to the BS is distributed uniformly in (−90
• , 90
• ). For large-scale fading, we consider only a distance-dependent path-loss model as in [4] 
= 15
• . In these figures, we consider five cases: 1) M = 2 and N = 2, i.e., at most, two users per group; 2) M = 2 and N = 4, i.e., at most, four users Figs. 3 and 4 , it is shown that the ergodic sum rate of the proposed algorithm increases as the maximum number of users per group and the SNR increase. The increase of the ergodic sum rate becomes slow in the high-SNR region. This is because the proposed algorithm is based on the statistical CSI; it cannot completely eliminate the interuser interference. Therefore, in the high-SNR region, the system becomes interference limited. It is also due to the residual interuser interference that the increase of the ergodic sum rate becomes slow as the maximum number of users per group increases when the maximum number of users per group is relatively large. Comparing Fig. 3 with Fig. 4 , we can see that the ergodic sum rate performance of the corresponding algorithm improves as the horizontal and vertical angle spread of each user decrease. Since the power of the channel is concentrated to its dominant statistical eigenmode, which results in the increase in λ max H,k λ max V,k , when the horizontal and vertical angle spreads of each user decrease. Therefore, to get better ergodic sum rate performance, we should schedule Figs. 5 and 6 compare the ergodic sum rate performance of our proposed 3-D beamforming SDMA transmission algorithm with the transmission algorithms that combine our proposed user scheduling algorithm and ZF or MF precoding. In both figures, we assume that the horizontal angle spread of each user θ In these figures, we also compare the cases when the CSI is imperfect at the BS for ZF and MF precoding algorithms. In these cases, we assume that the channel vector of user k obtained by the BS denoted byh k is
where g k is the real channel small-scale fading vector,ĝ k represents the channel estimation error and the error incurred by finite-rate feedback, and α ∈ [0, 1] indicates the accuracy of the channel vector obtained at the BS. It can be seen that the CSI obtained by the BS is perfect when α = 0, and the CSI becomes increasingly more imprecise when α increases. For simplicity, we assume thatĝ k ∼ CN (0, 1). For TDD systems whereĝ k reflects only the imperfect channel estimation due to finite training sequence length, it can be obtained from [28] 
, where T τ is the training interval length, and P τ is the transmit power (average received SNR) of the training symbols. For FDD systems, taking into account only the imperfect channel knowledge due to the finitebandwidth feedback links, it can be obtained from [29] (MN−1) ) for uncorrelated Rayleigh fading channel with random vector quantization, where B is the number of bits used to quantize g k and is also the number of feedback bits for g k . It was shown in [29] that this upper bound is a tight bound. From the given analysis, it can be seen that it is difficult for the BS to get perfect instantaneous CSI, it requires long training sequence for TDD systems or a large number of feedback bits for FDD, which leads to enormous system overhead.
In Figs. 5 and 6, it is shown that with perfect instantaneous CSI at the BS, ZF, and MF algorithms outperform the proposed statistical CSI-based transmission algorithm, and the ZF algorithm outperforms the MF algorithm as SNR increases. However, the performance of ZF and MF algorithms degrades a lot as the quality of the instantaneous CSI at the BS gets worse. In Fig. 5 , we can see that the performance of the proposed algorithm is very close to that of the ZF and MF algorithms in the moderate-to-high-SNR region when α 2 = 1/6, and the proposed algorithm even outperforms ZF and MF algorithms as α keeps on increasing. Fig. 6 shows the same trends. Note that in these simulations, we do not take into account the overhead in acquiring the CSI at the BS. The performance of ZF and MF algorithm will be even worse when we take into account this overhead. Therefore, it can be seen that the proposed transmission is an attractive and effective transmission algorithm for large-scale FD-MIMO systems. It requires much less CSI and is of low complexity, while can still achieve a considerable throughput. It exploits only the statistical CSI; therefore, it is more robust to the CSI quality compared with ZF and MF algorithms. It even outperforms ZF and MF algorithms when the quality of the instantaneous CSI at the BS is poor. Fig. 7 shows the analytical and Monte Carlo simulated ergodic sum rate of our proposed 3-D beamforming SDMA transmission algorithm under different M and N for one drop of users. The analytical curves are generated based on (29) . In this figure, we assume that the horizontal angle spread of each user θ • , and θ h = θ v = 15
• . These results illustrate that the minimum E b /N 0 and the wideband slope S 0 given by (41) and (42) fit well with the Monte Carlo simulation results. It can be observed that E b /N 0min increase as the horizontal and vertical angle spreads of each user increase, since the power of the channel is concentrated to its dominant statistical eigenmode, i.e., λ max H,k λ max V,k increases as the horizontal and vertical angle spreads of each user increase. This is in consistent with our analysis in Section V-B. Moreover, from the results, it can be seen that the low-SNR sum rate performance improves as the horizontal and vertical angle spreads of each user decrease, which suggests that we should schedule the users with higher λ max H,k λ max V,k . This is in consistent with scheduling Guideline 2 derived in Section IV-B. Fig. 9 compares Monte Carlo simulation results with the high-SNR approximation (43) of the ergodic sum rate of the • ], and we consider four cases: 1) M = 2 and N = 2, i.e., at most, two users per group; 2) M = 2 and N = 4, i.e., at most, four users per group; 3) M = 4 and N = 4, i.e., at most, eight users per group; 4) M = 4 and N = 8, i.e., at most, 16 users per group. These results illustrate that the high-SNR approximation (43) fits well with the Monte Carlo simulation results in the high-SNR region for a moderate range of number of users per group. The less the number of users per group, the more accurate the high-SNR approximation. It can be observed that the performance of the system is bounded as we discussed in Section V-C, and the system performance cannot be improved by simply increasing the transmitted power of the BS at high SNRs. • and θ h = θ v = 15
• , and two different d values, i.e., d = 100 m and d = 1500 m. These results illustrate again that the high-SNR approximation (43) fits well with the Monte Carlo simulation results, although there are some certain gaps between the high-SNR approximations and the Monte Carlo results. It can be seen that the gap between high-SNR approximation and the Monte Carlo result decreases as the angle spread of the users decreases. It can also be seen that the high-SNR sum rate performance improves as the angle spread of the users decreases, which suggests that we should schedule the users with higher λ max H,k λ max V,k . This is again in consistent with scheduling Guideline 2 derived in Section IV-B. Moreover, from (43), we can obtain that at a high SNR, the ergodic sum rate is independent of the large-scale fading of the users. The simulation results in this figure confirm this conclusion; it shows that although the system with a larger large-scale fading coefficient (with smaller d k ) achieves a higher ergodic sum rate in the low-to-middle-SNR region, the ergodic sum rates of different systems with the same parameters, except for the large-scale fading converge to the same saturation value as SNR increases. This is because the system is noise limited in the low-to-middle-SNR region, and the received SINR of the users with larger large-scale fading coefficients are higher, whereas the system is interference limited in the high-SNR region, and the received SIR of the users with different large-scale fading coefficients are almost the same.
VII. CONCLUSION
In this paper, we have derived a downlink multiuser transmission algorithm for large-scale FD-MIMO systems with a UPA at the BS. Under the assumption of only statistical CSI at the BS, we proved that the BS should schedule the users that have orthogonal strongest horizontal or vertical statistical eigenmodes, and the optimal transmission strategy is to transmit signals along the strongest horizontal and vertical statistical eigenmodes of each user, based on the maximization of a lower bound of average SLNR. We showed that the scheduler should select users whose strongest horizontal and vertical statistical eigenmodes capture most of their channels' power. Based on these results, we proposed a low-complexity 3-D beamforming SDMA transmission algorithm for large-scale FD-MIMO systems. For this algorithm, an exact analytical expression for the achievable sum rate was derived, along with low-and high-SNR approximations of the achievable sum rate. With these results, we observed that the user scheduling guidelines derived based on the SLNR criterion are also effective in achieving a high sum rate, and the achievable sum rate converges to a saturation value in the high-SNR regime. Numerical results showed that even with statistical CSI at the BS, the achievable sum rate performance of the proposed algorithm is comparable to that of the traditional ZF and MF algorithms with imperfect instantaneous CSI, while requiring much less feedback overhead for FDD systems and is of low complexity. Therefore, the proposed transmission algorithm is attractive and practical transmission for large-scale FD-MIMO systems.
APPENDIX A PROOF OF THEOREM 2
From the proposed transmission scheme, we can obtain that the beamforming vector
Substituting (51) into (27), we can obtain that the ergodic rate of user k in group 1 is
Since h
. . , K 1 are also independent variables. Applying [30, Lemma 3] to (53) and (54), we can obtain that
Substituting (55) and (56) into (52), and after some manipulations, it can be obtained that, for k = 1, . . . , K 1
Using the similar method, it can be obtained that the ergodic rate of user k in group 2 is given in (58), shown at the bottom of the page. The ergodic sum rate of the proposed statistical 3-D beamforming SDMA transmission scheme is
Then, substituting (57) and (58) into (59), we can get (29) .
APPENDIX B PROOF OF THEOREM 3
It is given in [26] that E b /N 0min and S 0 can be calculated from R sum (ρ) via
whereṘ sum andR sum denote the first-and second-order derivatives of R sum (ρ) and are computed in nats. From (38), it can be obtained thatṘ
R sum (0) =
First, consider the case of 1≤ k ≤ K 1 . From (36), we can get thaṫ
R k = 1 2
log(2)
After some calculation, it can be obtained that
Substituting (66) and (67) into (64) and substituting (68) and (69) into (65), we can obtain thaṫ
Substituting (51) into (70) and (71), we can geṫ
and (73), shown at the top of the page. Note that |h
Substituting (74) and (75) into (73), we can obtain thaẗ
Using the similar method for K 1 + 1 ≤ k ≤ K 1 + K 2 , we can also get thaṫ
Therefore, substituting (72), (76), (77), and (78) into (62) and (63), we can geṫ
Substituting (79) and (80) into (60) and (61), then we can get (41) and (42).
